Reading seminar on oco-categories - plan of talks
Each week, there will be a talk by 1-2 participants on the assigned topic using the provided
literature.

We will primarily follow the lecture notes by Martin Gallauer from the University of Warwick
(Gallauer, 2023). The lecture notes by Jack Davies (Davies, 2024), Bastiaan Cnossen (Cnossen, 2024)
and Yonatan Harpaz (Harpaz, 2019) also contain nice exposition of some of the material. Achim
Krause and Thomas Nikolaus from the University of Miinster have recorded a neat lecture series on
the topic (Krause and Nikolaus, 2020). The authoritative source will be the book by Markus Land
(Land, 2021). And last but not least, no survey would be complete without the local Bible by Jacob
Lurie (Lurie, 2008).

A very preliminary plan of the talks is the following (it may change until the start of the semester):

0. Introduction: Motivation for considering co-categories. Introduction to simplicial sets. Turning
topological spaces, resp. categories into simplicial sets via the singular complex, resp. nerve functor.
Defining oo-categories as weak Kan complexes, which naturally subsume these notions.

1. Mapping spaces, functor categories: Define the simplicial nerve and show that for a category
enriched in Kan complexes, the result is an co-category. Use it to define it an co-category of (small)
oo-categories and of spaces. Hint at the proof that the later are equivalent to co-groupoids. Define
the mapping space between two objects of an co-category and show that it is a space. Sketch a proof
that the functors between two oco-categories form an co-category and that a functor is an
equivalence < it is fully faithful and essentially surjective.

References: (Gallauer, 2023, Section 2.1-2.2), (Krause and Nikolaus, 2020, Lecture 2)

2. Limits and colimits: Define the (co)limits using the usual (co)cone construction. Give explicit
descriptions of initial/terminal objects, (co)products, pullbacks, pushouts and mapping telescopes.
Sketch the proof that the co-category of spaces is (co)complete and that an co-category is
(co)complete <> it has finite (co)products and (pushouts)/pullbacks.

References: (Gallauer, 2023, Section 2.3, 3.1, 3.2), (Krause and Nikolaus, 2020, Lecture 3 & 4)

3. Joins, Slice categories, Adjunctions: Define joins and, using them, slice categories. Then state
the alternative definition of limits via them. Define the co-category BG and show that the
homotopy orbits and homotopy fixed points are adjoint functors. Mention Kan extensions in co-
categories.

References: (Gallauer, 2023, Section 3.3, 3.4, Appendix A.1 & A.2), (Davies, 2024, Section 1.6-1.9),
(Krause and Nikolaus, 2020, Lecture 5)

4. Straightening-unstraightening, Yoneda lemma: Sketch the proof that the adjoint functors
preserve (co)limits. Define the Yoneda embedding and sketch the proof of the Yoneda lemma. Define
the Grothendieck construction for co-categories and state the Straightening-unstraightening
theorem. Define the twisted arrow category and use it for an alternative description of the Yoneda
embedding.

References: (Gallauer, 2023, Section 4.3, 3.4, Appendix A.3),

The content of the following lectures will be based on the interests of attendees, but may concern
spectra, stable co-categories, F,, -algebras and derived oo-categories of Abelian categories.
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